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1. Introduction 

Let A be a finite-dimensional fc-algebra (associative with identity) over a field k. Denote by 
A*^ the enveloping algebra of A, i.e., the tensor product A A°^' of the algebra A and its opposite 
A°P. Then by Cartan-Eilenberg [1] the i-th Hochschild homology and cohomology groups of A are 
identified with the /c-spaces 

HH,(A) = Torf (A, A), Hff (A) = Ext\.(A, A) 

respectively. The Hochschild cohomology ring HH* (A) — ® HH* (A) has a so-called Gersten- 
haber algebra structure under the cup product and the Gerstenhaber bracket [2] . It is well known, 
as a noncommutative analogy of differential forms and polyvector fields, that Hochshild homology 
and cohomology of an associative (noncommutative) algebra have been a starting point of noncom- 
mutative geometry and play an important role due to the classic Hochschild-Kostant-Rosenberg 
theorem. 

It is also well known that the homological properties of an algebra are closely related to the 
properties of its Hochschild (co)homology groups. For example, if a finite dimensional algebra over 
an algebraically closed field has finite global dimension, then all its higher Hochschild cohomology 
groups vanish. The inverse is known as Happel's question and it has been shown that the conjecture 
does not hold for the quantized exterior algebra Aq — k{x, y) / [x^ ,xy + qyx, y^) (or more generally, 
for the quantized complete intersection) when q £ k* — k\ {0} is not a root of unity in [3, 4, 5, 6]. 
However, the homology version of Happel's question comes to be known as "Han's conjecture" and 
remains still open [7]. 

Motivated by support variety for finitely generated modules over group algebras defined by 
Carlson in [8], Snashall and Solberg developed support variety theory of finitely generated modules 
over a finite-dimensional algebra in [9]. They found that the finiteness condition of Hochschild 
cohomology ring modulo nilpotence HH*(A)/7V played an important role in support variety the- 
ory, where TV denotes the ideal of HH*(A) generated by all homogeneous nilpotent elements. 
Moreover, they also conjectured that the Hochschild cohomology ring modulo nilpotence of any 
finite-dimensional algebra is a finitely generated algebra, and the conjecture was proved to be 
true for many classes of algebras, such as finite-dimensional algebras of finite global dimension[3], 
finite-dimensional monomial algebras [10, 11], finite-dimensional self-injective algebras of finite 
representation type over an algebraically closed field[12], any block of a group ring of a finite 
group[13, 14] and so on. Until 2008, Xu F. provided the first counterexample to the conjecture 
by studying the Hochschild cohomology ring modulo nilpotence of a seven-dimensional category 
algebra in the case of charfc = 2 [15], which is isomorphic to a Koszul algebra [16]. Furthermore, 
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it was proved that the Hoehsehild cohomology ring modulo nilpotenee of the above Koszul algebra 
as well as its quantized algebra is not a finitely generated algebra irrespective of the characteristic 
of the base field fc[16, 17]. 

Let Aq be the algebra introduced in the first paragraph of the section 2, which arises from a 
formal deformation with infinitesimal in HH^(A) and occurs in the study of the Drinfeld double 
of the generalized Taft algebras and of the representation theory of [/^(sb). Snashall and Taillefer 
proved the Hoehsehild cohomology rings modulo nilpotenee of A and are finitely generated 
commutative algebras of KruU dimension two and hence Snashall-Solberg's conjecture holds for 
this class of algebras[18, 19]. However, Parker and Snashall showed in [20] that A, is an infinite 
family of counterexamples to Happel's question when C = qoqi ■ ■ ■ qm-i is not a root of unity. 
Furthermore, we prove that, for the algebra Tq introduced in the first paragraph of the section 
2 which can be viewed as a one-point coextension of A,, HH*(rg)/A/' is not a finitely generated 
algebra if C = 'Zo'Zi • • • 9m- 1 is a root of unity and thus provides an infinite family of counterexamples 
to Snashall-Solberg's conjecture. 

Note that, when = qi = ■ ■ ■ = the algebra Aq is just a Z„-Galois covering algebra 

of the quantized exterior algebra Aq [21], while the algebra Tq can be viewed as a one-point 
coextension of the Z„-covering algebra A,. So it seems that the following question arises naturally: 
if an algebra A (for example, the quantized exterior algebra Aq) answers negatively to Happel's 
question, does it so for any finite Galois covering algebra A of A, and meanwhile, will the one- 
point (co)extension of A provide a family of counterexamples to the Snashall-Solberg's conjecture? 
Let G be a finite group, A a G-graded /c-algebra, and A the covering algebra with the Galois group 
G. It was shown in [22, 23] that there is a ring monomorphism from HH'(j4) to HH'(A) for i > 0. 
As a consequence, if A is a counterexample to Happel's question, then so is A. Indeed, this is the 
case for the Z2-graded quantized exterior algebra Aq and its Galois covering algebra with Galois 
group 2,2 (even more generally, Z„) [24, 20]. However, if A is only a A;-algebra (unnecessarily G- 
gradcd), then there is only a monomorphism from HH*(^)'^ to HH'(A) for i > 0, and the explicit 
descriptions of these maps for i = 0, 1 are provided in [25]. 

In this paper, we first employ Snashall and Taillefer's strategy in [19] to consider the structure 
of the Hoehsehild cohomology rings modulo nilpotenee YW* [Aq) / N of the algebras Aq by comput- 
ing the graded center of its Koszul dual E{Aq) in the section 2. As a consequence, we show that 
they are not finitely generated as algebras when ^ is a root of unity, and thus provide more coun- 
terexamples to Snashall-Solberg's conjecture, which include and generalize all the counterexamples 
studied in [15, 16, 17]. Next, we consider a family of algebras A™'" as well as their one-point 
coextensions T™'", where q = {qoo^Qoi, ■ ■ ■ ,(ln-i,m-i) € (fc*)™". In the case that qtj = qoo for 
all i,j, A™'" is just a covering algebra of the quantized exterior algebra Aq with the Galois group 
Z„ X Zto. We determine the structure of Hoehsehild cohomology ring of A^'" and show that A^'" 

answers negatively to Happel's question when ^ = 01*7=0 *i ^ ^* ^® ^'-'^ ^ '^^ unity in the sec- 
tion 3, and meanwhile, F™'" provides an infinity family of counterexamples to Snashall-Solberg's 
conjecture when rj = YI^Zq YVjlTo^ Qij € fc* is a root of unit in the section 4 as expected. 



2. Graded center of E{Tq) 

Throughout this section we always assume that A = kQ/I is a class of selfinjective Koszul 
algebras, where the quiver Q is of the form in the left hand side of Figure 1 below, and the 
ideal / is generated by the set R — {0^0^+1, 6i_i6i_2, ai^j — f'i-ifli-i | < z < m — 1}. Let 
Ag, q = {qo,qi,-- iQm-i) G (A:*)™, be their socle deformations (i.e. A, are selfinjective with 
Aq/soc(Aq) = A/soc(A)), see also [18, 19]. Throughout we always assume that all the subscripts 
of arrows are identified with their residues modulo m. 
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Figure 1. The quivers Q and Q' 

Let Tq = kQ' / Iq, where Q' is the finite quiver with m+1 vertices {0, 1, . . . , m — 1} U { — 1} and 
3m arrows pictured in Figure 1 as weU, and 1^ is the ideal generated by R' — {aiai^i, bi^ibi, qiUibi — 
6i_iai_i, OiQ+i I < « < m - 1, a,„ = ao} and q = (go,9i,-- - i^m-i) e (fc*)". In the case of 
TO = 1, Fq is isomorphic to the quantized Koszul algebra studied in [17] (in which the "commuta- 
tive" relation is ah + qba) and used to provide a family of counterexamples to Snashall-Solberg's 
conjecture. Throughout the section we assume to > 2. 

Denote by the trivial path in kQ' and write the composition of arrows from left to right. 
Note that the left length lexicographic order by choosing cq < ■ ■ ■ < Cm-i < e_i < qq < ■ ■ ■ < 
am-i < ba < ■ ■ ■ < bfn-i < cq < ■ ■ ■ < Cm-i provides an admissible order on kQ' and thus the set 
R' is just a (noncommutative) quadratic reduced Grobner basis of /^[26]. So Tq is Koszul by [27]. 

Recall that the Ext-algebra E{Tq) is just the Koszul dual of F,. Thus E{Vq) = kQ°P/rf, 

where I'q = {q^^{aibi)° + (6i_iai_i)°, (bid)") and x° e Q° denotes the opposite arrow of the 
arrow x in Q. Moreover, any left A:Q°P-module can be viewed as a right fcQ-module, so we may 
consider E{Tq) as the quotient of kQ modulo the ideal generated by q^^aibi + bi^iai^i^biCi for 
I = 0, 1, • • • , to — 1. 

In a similar way to [19], we denote by 7f and i5| the paths aiOi+i • • • ai+s-i and bi+t-i ■ ■ ■ bi+ibi 
respectively. Unless otherwise specified, we do not distinguish a path with its image in E{Tq). Thus 
any typical monomial in E{Tq) has the form 7f(5* for some integers s,t and <i,j < to — 1. The 
algebra E(rq) is a bigrading algebra graded with the lengths of paths and with the degree induced 
by choosing the degree of e^, Oj, Cj and bj to be 0, 1, 1, —1 respectively. Thus any monomial element 
7f(5* has the length s + t and degree s — t. we denote by |z| the length of a length-homogeneous 
element z in i?(Fq). Denote by Zgr{E{Tq)) the graded center of i?(Fq). 

It is easy to see that z e Zgr{E{Tq)) if and only if z satisfies the following conditions: 

(1) CjZ = zcj, for j = —1, 0, 1, ■ • • , TO — 1; 

(2) ajZ = (-l)l^l2aj, for < j < to - 1; 

(3) bjZ = (— l)l^lz6j, for any < j < to — 1; 

(4) CjZ = {—\)^^^zCj, for any < j < m — 1. 

Lemma 2.1. If a homogeneous element z G Zgr(£^(Fg)), then z G fc, or z has the form 

m — 1 
i=0 

with So = to (mod to), to > 1, and for < j < to — 1, 



Uj+i = {-lY°iqj+i ■ --qj+to) = (-l)*°(gj+i • ■ ■ qj+sg) ^Uj. 



(2-1) 



4 



Proof. By (1), wc can write z = eize^. Note that for any 0<i<TO — 1, a typical 

monomial in eiE{rg)ei has the form j-Sj, where s,t > 0, and s = t(modm). In particular, 
e_i£^(rg)e_i = e_i. Moreover, Zgr{E(rq)) is generated by the elements which are both length 
homogeneous and degree homogeneous. Therefore, if the length of z is 0, then z = X^™r\ diSi, 
where di G k; otherwise, z has the form X)"=o^ "'^i'*'^!' ' "where Ui S k, Si,ti > 0, Si = ti(modm). 
The degree homogeneity implies that Si — ti = sq — to and the length homogeneity implies that 
Si + ti = So + to > 0, and hence we have Sj = sq and = to for i = 0, 1, • ■ • , m — 1. So 

m— 1 

Here we also take the subscripts modulo m (in particular, uq = 

We next consider the condition (2). If the length of z = _\ rfjCj is zero, then dj+iaj = 

ctj Y^l'L-i diGi = {Y^^-i diei)aj = djaj, and we have z = rfoX)"lo^^» + d-ie-i. On the other 
hand, if the length of z is not zero, we have 

ajz - Mj+iaj'/j+i'^j+i - Uj+i^j Oj+i 

and 

za, = u.^fSfa, = {-lY»u,{qj+i • ■ ■ qj+to)-'l]"^'S*\,. 

The condition (2) implies that Uj+i = (— l)-'" (g^+i • • • qj+to)~^Uj ^ and similarly, the condition 
(3) implies that uj+i = (—1)'° (qj+i ■ ■ ■ <lj+so)^^Uj ^ for < j < m — 1. 

By the condition (4), we know that if the length of z is zero, then d-iCj = Cj{do ej + 

d-iC-i) = (doI]™o ^« + c^-ie-ijcj = doCj, so d-i = do, and thus z = rfo(I]"=-i'5«) = ^^o- 
Otherwise, z = T,Z~o^ ^a-" S*" satisfies = cjz = zcj = {-1)'°^*° J^Z'o^ ^^t 

all < j < m — 1 in E{rq), which forces that to > 1 by the definition of I'g. We complete the 
proof of the lemma. □ 

Remark. Comparing with the result in [19], we have Zg,.(E{rq))\k = {z = J2^o 
Zgr{E{Aq)) I ^0 ^ Using the formula (2-1) recursively, one can obtain that 

i i 

Ui = i-iy'" Y[{qk---qk+to-i)~'^uo = (-1)**° Y[{qk---qk+so-i)~'^uo, 

k=l fe=l 

for i = 1, 2, . . . , m — 1. In particular, 

Uo=Um = (-l)™^°(go • • -9*0-1)^^91 • • -^to)"^ ■ • ■ (9m-l • • • 'Zm-2+(o)"^W0- 

Since uo ^ 0, we have (90 • • • gto-O'H^i ' ' ' 9to)~^ • • • (9m-i • • • 9m-2+to)"^ = (-I)™''". Let C = 
qoqx ■ ■ ■ qm-i, then C*° = (-1)™*°. Similarly, C° = (-1)™*°. 

Proposition 2.2. If C is not a root of unity, then Zgr{E{rq)) = k. 

Proof. For any element z e Zgr{E{rq)), if the length of z is not zero, then = (— l)'"'*o 
and C**" = (— l)™*". Since ( is not a root of unity, then so = to = 0, this yields a contradiction. 
Thus the length of z is zero. By Lemma 2.1 we have z G k. On the other hand, it is evident that 

k C Zgr{E{Tq)), therefore, ZgrlE(Tq)) = fc as desired. □ 

Now we assume that C is a primitive d-th root of unity, that is, d > 1 is the minimal integer 
such that ^'^ = 1. The proof of the following proposition is similar to that of [19, Prop. 2. 4, 2.5] 
and hence we omit all the details and leave only the sketch of the proof 

Proposition 2.3. Suppose that ^ is a primitive d-th root of unity. Then 

{k[x, y, w]/{w^"^ — £dxy})x* , if TO is odd, charA; ^ 2, and d = 2(mod 4); 
{k[x, y, w]/ (w™ - edxy))x' , otherwise. 



ZAE{T,)) 
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Ed = < 



where {k[x,y^w\/{w'P — edxy))^' denotes the subalgcbra of k[x,y,w]/{w'P — eaxy) that does not 
contain the subspace spanned by the x^ for i = 1, 2, • • • , and 

nr=i^ nfeLi(-l)™''^^('?fe • • • Qk+d-i)~^, if m is even or char/c = 2; 

nr=i^ nfeLi(9fe • • • Qk+d-i)~^, if m is odd, char/c ^ 2, and d = O(mod 4); 

nfrr^ 111=1(9*: ■ • ■ Qk+d/2-i)~^, if "^ is odd, charfc ^ 2, and d = 2(mod 4); 

Hh^^ nfc=i(9fc ■ • ■ 9fe+2d-i)~\ if m is odd, charfc 7^ 2, and d is odd. 

Proof.* Clearly, k C Zg^(i;(rq)). Note that Zgr{E{Tg))\k = {z = El^o^ Wilf^i" ^ 
Zgr{E{Aq)) \ Ui € k,to > 1} by the remark above. 

Case 1. m is even or charfc = 2. With a similar but lengthy analysis as in [19, Prop. 2. 4], 
any homogeneous element z G Zgr{E{rg)) \ k can be written as 

m — 1 i m — 1 rn—1 

z = uo{Yl (-1)" 11(9'^ ■ Qk+s-ir'^tSt) ( E ^^)"( E ^^)" ' (2-2) 

i=0 fe=l i=0 i=0 

where s = /d for < Z < m - 1. Set «; = Y.T=o' i-'^y" HLiC^fe ' ' • ft+d-i)" Vf^f , ^ = Ello' 71"'. 
2/ = E^o^'^r'' ^ind ea = {-ir'^^^UZ'i^ U[Ui<lk ■ ■ ■ Qk+d-i)-^ ■ Then = e^xy. Moreover, 
by the formula (2-2), any homogeneous clement z = '^^^^ Ui-f^" Sl" G Zgr{E{Tq)) \ k can be 
written as a scalar multiple of x^y^w^ with j + I > since to > 1- The condition j + I > 
implies that x^,i > 1, does not belong to Zgr{E{rq)). With the same argument as in [19, Lemma 
2.3], the elements x,y,w don't have additional relation except w"^ = Cdxy in Zgr{E{Tg)). So 
Zgr{E{rg)) ^ {k[x,y,w]/{w"' -edxy))x'- 
Case 2. m is odd and charfc ^ 2. 

(i) If d is odd, writing to = adm + t,So = (3dm + s, then any homogeneous element z G 
Zgr{E{Tg)) \ k can be written as 

m—1 i m—1 m—1 



i=0 k=l i=Q i=0 

m—1 i m—1 m—1 



i=0 fe=l 1=0 i=0 

depending on whether a is even or odd. Set w = El!lo^ 111=1 ''' '?fe+2d-i)~^7i^'''^?'^i 

^ = Er=oSr^ 2/ = Er=o'<5^'^ and e, = n;:T'nfJi~(ft---%+2d-i)-^ Then w"^ = e,xy. 
Moreover, any homogeneous element z € Zgr{E{rq)) \ k can be written as a scalar multiple of 
x'^y^w^ with j -I- Z > 0. And there is no additional relation in Zgr{E{Tqy) except = edxy. 

ill) If d is even and d = O(mod 4), then any homogeneous element z € Zgr{E{Tg)) \ k can be 
written as 

m — 1 i m — 1 m — 1 

- = -0 E IK* • ■■^w-ir'^fX^'ii: 7^)"(E ^^)'- 

i=0 k=l i=0 i=0 

Set w = Er=o' nLi • • • qk+d-i)-'lfSf, X = E^o' 7r^ y = ET=o" and = UT^i' Uti 
{Qk ■ ■ ■ Qk+d-i) ^- Then w"^ = e^xy. And we can write homogeneous element z G Zgr{E(rq)) 
which is not in as a scalar multiple of a;"y^i«'/^ with (3 + 1/2 > 0. In particular, any scalar 
multiple of x^ docs not lie in Zgr{E{Tq)), for i = 1, 2, • • • . Also, there is no additional relation in 
Zgr{E{rq)) except w"" = Cdxy. 



*For the referee's convenience, we leave the complete proof of the proposition in the appendix. 
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(iii) If d is even and d = 2(niod 4), then we can write any homogeneous element z G Zgr{E{rq)) 
that is not in k as 

m—1 i m—1 m—1 

1=0 k=l i=0 i=0 

Set w = J2Zo^ nLi(-l)*('?fe • • • qk+d/2-i)~'^7t^^Sf^^, X = J2T=o^ 7,""*, y = E"o^ ^7"^ and = 
nflTi"^ Y[k^=iilk ' ■ ' 9fe+d/2-i)~^) then ui^™ = e^xy. And we can write homogeneous element z £ 
Zgr{E{Tq)) which is not in fc as a scalar multiple of x°'y^w'' with (5 + 1 > 0, which implies that 
any scalar multiple of .t* docs not lie in Zgr{E{Tq)), for i = 1, 2, • ■ • . Again, there is no additional 
relation in Zgr{E{rq)) except lo^™ = edxy. □ 

By [9, 28], we know that HH*(rg)/7V = ZgriE{Tq))/J\fz, where Afz denotes the ideal of 
Zgr{E{rq)) generated by all nilpotent elements. It follows directly from the above two propositions 
that Afz =0. As a result, wc have, in fact, characterized the structure of HH*(rq)/A/' and provided 
more counterexamples to Snashall-Solbcirg's conjecture by the following theorem. 

Theorem 2.4. Let q = (go, qi, - ■ ■ ,qm-i) e {k*)"\ and ( 

— Qoqi ' ' ■ Qm—i- If C is a not root of 
unity, then mi*{rq)/Af ^ fc; If C is a root of unity, then im*{Tq)/N' ^ Zgr{E{Tq)) is not finitely 
generated as algebra. 

Proof. From the proposition 2.3, we know that if C is a root of unity, then lUi*{Tq)/Af = 
{k[x,y,w]/ {wP — exy))x'- Note that x^y lies in (k[x,y,w]/{wP — exy))x* but x^ docs not, for i = 
1, 2, • • • , then can not be generated by the elements of lower degree in {k[x, y, w]/ {w^ — exy))x' , 
and thus iUi*{rq)/JV is not finitely generated algebra when ( is a, root of unity. □ 



3. The Hochschild cohomology ring of A™'" 

Throughout this section, we assume A™'" = kQ/Iq, where Q is a torus- like finite quiver which 
has mn vertices \ i G Z„,j e Z^}, and 2mn arrows: {aij : + 1)} U {bij : 

(i, j) {i + 1, j)} pictured as in Figure 2, and Iq = {aijaij+i, bijbi+ij, Uijbij+i + qijbijai+ij \ 
i G l'n-,3 S Zto), qij S k* . Denote by e,j the idempotent of A™'" at the vertex Note that 

A™'" is the Z„ x Z^-Galois covering algebra of the quantized exterior algebra Aq if = goo for 

For x G {e, a, &}, define Xij < Xpi if and only if i < p or i = p but j < I; and set ei^j^ < 
Oijjj < 6i3j3. Then the length-left- lexicographic order provides an admissible order for kQ, and 
R = {aijaiJ-^-l,bijbi+lJ,aijbi,j^l+qijbijai^l,j} forms a noncommutative quadratic reduced Grober 
basis of the ideal Iq = {aijaij+i, bijbi+ij , aijbij+i+qijbijUi+ij), thus A^'" is a Koszul algcbra[26, 
27]. 

In this section, we first construct a minimal projective bimodule resolution of A™'", and then 
determine the structure of Hochschild cohomology ring of A™'" when m = n and ^ = n"j=o 9«i 
is not a root of unity, and thus provide another family of counterexamples to Happel's conjecture. 
For the convenience of notations, we denote by AJ^ the algebra AJ^'" unless otherwise specified in 
this section. If n = 1, then Aj is just the quantized exterior algebra Aq-, if n = 2, the Hochschild 
homology and cohomology of A^ have been considered in [30] and the fc-dimension of HH*(Aq) is 
4 in the case that g is not a root of unity. From now on we assume n > 3 in this section. 

Let 

^ij^ 9l,i.j — bij}', 

aijO-ij+i, = (lijbij+i + qijbijai+ij, 52,i,i ~ bijbi+ij}. 



5° = {ghj = 

9^ = {9Q.i,j = 

2 r 2 
9 = {9o,ij = 
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Figure 2. The quiver Q 
Moreover, we set g^-i,i,j = g\j^^ ^ j, and when I >3, = {gpij | < p < Z}, where 

gUj = "^J5p7ij+i + Iv^lhj+i • ■ ■ *j+i-p-i^u.9p-\,i+i J- (3-1) 
Define Pi ^ K^®Ekg^ ®e , where hJ^ ^ E®i and E = K'^/i 9^ k x k x ■ ■ ■ x k. We denote 
(X)_E by ® for legibihty. Set g^^^ = 1 (8)3^^^ (8 1 for < p < /, / = 0, 1, 2, • • • and define di : Pi Pi-i 
for / > 1 as fohows 

diig^ij) = + qi-jQi^j+i ■ ■ ■ qi,]+i-p-ibijglz\^^+ij + jj6i+p_i,j+;_p 

+ (^l)''7i.j+i-p-i • • • 9^+p-lJ+^-p-l5p,iJ■a^+PJ+^-^)-l• 
Lemma 3.1. The complex (P, d) 

• • . ^ A ■ • . A P2 A Pi A Po ^ 

is a minimal projective bimodule resolution of A^. 

Proof. Let X = spanja^ , \ i,j & Z„}. Since A^ is Koszul, it suffices to prove that the set 
5' forms a fc-basis of Ki := ris+t=i-2X'' RX* by [31, Sec. 9], where, by abuse of notation, R stands 
for the fc-space spanned by the set {aijaij+i,bijbi+ij,aijbi,j^i + qijbijai^ij \ i, j e Z„}. 

We will first show that 5' C Ki by induction on /. It is clear when 1 — 2. Assume that it holds 
for / — 1. It is not difficult but lengthy to verify that 

9pij = g'p-i.ijbi+p-i.j+i-p + Qij+i-p-i ■ ■ ■ (li+p-i.j+i-p-igp/^jO'i+pd+i-p-i, <p <l. 

Then by the formula (3-1) and the above formula, we have g'- C XKi_i n Ki_iX C Ki. 

On the other hand, each element g^^^j in g'- contains exactly p many ?>-class arrows, and hence 
the elements in are linearly independent. Moreover, the Koszul dual of A^ is just the quadratic 
dual kQ°P/I^, where — {{aijbij+i)° — q~j^{bijai+ij)°}, so the Betti numbers of a minimal 
projective bimodule resolution of A^ are {&; = {I + l)n^}, and thus dimiC; = {I + l)n^, which 
coincides with the number of elements in 5'. 

The differential d is obtained from [32] directly. The proof is completed. □ 

In order to compute the Hochschild cohomology of A^ when ^ is not a root of unity, we first 
recall some notations from [29]. We say a path a is uniform if there exist {'i'jj') G Qo, such 



8 



that a — Cijaeiiji. Two paths a and /3 arc said to be parallel, and denoted by a///3, provided 
that they have the same source and target. If X and Y are sets of some uniform paths in Q, then 
X//Y := {{a, (3) € X xY \ a///3} and we denote by k{X//Y) the fc-vector space with the set 
X/ /Y as basis. 

Applying the functor Hom(An)e (— , A^) to the minimal projective bimodule resolution {P,d) of 
Ag, we obtain the Hochschild cochain complex C*(P): 

^ Hom(A„)e(Po, A^) A • • • A Hom(A„)e(P„, A^) Hom(Aj)e(P„+i, A^) ■ ■ ■ , 

where := Hom(A.j)= {di,A^),i = 0, 1, 2, • • • . 

Let B = { Cij , aij ,bij , aijbi_j^i \ i,j G Z„} be a fc-basis of A^. Thanks to the isomorphism in 

[29], that is, k{g^//B) ^ Hom(A„)e(P,, A^), where (j> : (.9^,^,2;) ^ /(gi^^,,,): x e i3, and ® 
^'p'l']' ® 1) = ^pij,p'i'j'^'- Here <^pij.p' i' f denotes the Kronecker sign, that is, Spij^p'i'f = 1 if 
{p,i,j) = {p',i',j') (i.e. P = p ,i — i' , j = j ) and otherwise. Under the isomorphism the 
complex (C*(P),d*) changes into 

(M*, 6')=0^ HaV/B) A • • • A k{g'//B) '-^ k{g'+'//B) ^ • ■ • , 

where 

= (5p,ij-i:«i,j-i2;) + ■ • •9i-ij+(-p-2(3p+i,i_ij,6i-i,ja;) + {-iy{gl+-^^ij,xbi+pj+i-p-i) 

+ (—1) Qi,j+l-p-l ■ • ' Qi+p-l,j+l-p-l{9pA,j'^^i+P,j+l-p-i)- 

By definition, we know that HH'(A^) = KerJ'+VlmJ', thus 

dimfeHH'(A^) = dimfcKer(5'+^ - dimfeW 

= dim/sM' - dim/;Im^'+^ - dim^Im^'. 

Since the set B = {eij,aij,bij,aijbij-i-i} is a fc-basis of A^, the elements in {g^//B) has the form 
of {gpij,x) with X G B. Note that ^ stands for the length of g^^j and p describes the number of 
6-class arrows appearing in each monomial of gp^j, and gp^j is uniform with the source and 
the target {i + p,j + I — p). Thus i,g\ii y 1 1 e-ij) implies = and I = Iqu, p = un for some 

integers u,Iq with < m < Iq. Similarly, the elements in g* parallel to aij,bij,aijbij^i have the 
form of g'Z\tj , 5l"+M,^- ' ^un+Lj respectively, whore 0<u<lo. Therefore, 



dimftM' = dimfe(r,//S) = <^ 



(^0 + if I = kn; 

2{lo + l)n'^, if I = Ion + 1; 



{lo + l)n^ if l = lan + 2; ^^'^^ 
0, otherwise. 



Since M'»»+2 = k{g''>'^+^ / / B) = /c{(<7i°„VM,i' I < « < ^o,i,i e Z„}, we have = 

by the definition of 5*. Also, for 3 < i < n, 5'°"+' = since M'o"+'-^ = 0. Thus the complex 
(M*, has the forms of 

^ A A A • • • A M'o" ^ A' M'o"+i * A' M'''"+2 A • • • , 

where = k{g^ / /B). So it suffices to consider dimfclm(5'°"+^ and dimfelm(5'°"+^. 

The order < on B induces an order on {g'-J /B) as follows: {gpij,x) ■< {gp,^,j,,x') if and only 
a p < p' , or p = p' but X < x' . By abuse of notation, we denote still by 5' the matrix of the 
differential (5' under the ordered bases above. Then by the description of (5', and (5'o"+2 have 
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the following form respectively: 



/ ^0 
Bo 



Alo 

Bio J 



I Co Do 



Ci, Di, J 



Aij — 



where = diag{Ajo, An, - ■ ■ Ai^n-i}, and if we set rj = ]Xj=Q Qij, cj = Y["=o lij^ ^^^^ 

( (-i)'4 1 
(-i)'ci 



(-l)'cUi / 



B, 



Ci 



-r'o"-'ln 



i-iyin I 



where J„ denotes the identity matrix of size n x n; Di = diag{DiO) Dn, • • • , Di^n-i}, and 



/ (-1) 



i+i, 



Da 



\ 



V 



1 



1 



Lemma 3.2. Suppose that n > 3 and ^ is not a root of unity. Then 

dim, = di™. = { "1 ; 

Proof. We first consider the matrix ^'ort+i_ gjnce, for < i < lo, det(Ai) = (det(Aio))" = 
((— 1)"'^* _l_ by the condition that ^ is not a root of unity, the last lo'n? columns of 

^ion+i are linearly independent. We assert that 



rank 



Bo 



Ao 



n^, ifZo>0; 
- 1, if lo = 0. 
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Indeed, by adding (—l)'+^r,-" -multiple of the {i + l)-th block-column of Bq to the {i + 2)-th block- 
column of Bo in turn for z = 0, 1, . . . , n — 2, we obtain 

/ (-l)'^n \ 



Bo 



\ ' n 



lo T 
-^1 



Thus det(Bo) = ((-l)('+i)("-i)^'<' + (-1)')", which is nonzero if Iq > 0. Thus rank ( 



n 



in the case when Iq > 0. If lo 
block-column in turn for i = 0, 1, 



Bo 



0, by adding the {i + l)-th block-column to the (i + 2)-th 
, , n — 2, we obtain 

/ -In \ 



Ao 



In 



-In 
In 



Aoo 



V 

Since Aoo = ^oi = • • ■ = Ao,„_i and rank Aqo = n 
the case when /q = as desired. Therefore, 

dimfcW°"+^ = rank^'°"+^ = lori^ + rank 



^00 

Ao,n-2 Ao^n-2 

Ao,n-l ) 

- 1, we have rank5'°"+^ = rankJ^ 



1 in 



Bo 



Ao 



- 1, if = 0; 
{lo + otherwise. 



We complete the proof of the first part of this lemma. 

Next, we consider the rank of (5'on+2 With a similar argument as for ^'on+i^ det(-Di) = 
(det(Ao))" = + (-1)"+!)" 7^ for < i < ^0 since C is not a root of unity. 

Therefore, the last lofi^ rows of (5'°"+^ are linearly independent and it suffices to consider the rank 
of (£>o|C'o). We claim that 



rank { Do \ Co 



n^, if lo > 0; 
- 1, if lo = 0. 



In fact, by adding (—1)^'" -multiple of the (i + 2)-th block-row of Co to the {i + l)-th block-row of 
Co in turn for i = n — 2, n — 1, . . . , 0, we obtain 



Co 



_(_iy(n-2)(^^_^...^^yo7^ (_iy7„ 



V 



„'0 J 

' n-l^n 



{-lyin J 

So det(Co) = ( - (-l)K"-i)^;o _^ (-1)')" ^ 0, if lo > 0. Thus rank(Do|Co) = in the case when 
lo > 0. If ^0 = 0, then, by adding the {i + l)-th block-row to the {i + 2)-th block-row in turn for 
i = 0, 1, . . . , n — 2, we obtain 



Pol Co) 



00 



00 



Do,n-2 

Do,n-2 -Do,n-l 



In 




0/ 
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Since Dqo = Doi — ■ ■ ■ — Do.n-i and rankDoo = n — 1, we have rankj'"""'"^ = rank^^ = — 1 in 
the case when = 0, which proves our claim. Therefore, 

dinifcW°"+2 = rank(5'''"+2 = l^n'^ + rank(£)o|<^o) = [ T \\ i '11° " 

^ ' ' 1^ (/o + Ijn , otherwise. 

□ 

With the help of Lemma 3.2, we immediately have the following theorem. 
Theorem 3.3. If n > 3 and ^ is not a root of unity, then wc have 

( 1, if / = or 2; 
dimfcHH'(A^)= <^ 2, if / = !; 

0, otherwise. 

Thus HH*(A^) is a finite dimensional algebra of dimension 4. 
Proof. It follows directly from Lemma 3.2 and the formula 

dimfeHH'(A^) = dim^M' - dimfclm^'+^ - dim^W. 

□ 

Remark. Note that our result still holds true for n = 2 (cf. [30]). Moreover, it also shows 
that, when ^ is not a root of unity. A" provides a family of counterexamples to Happel's question 

as expected. 

Corollary 3.4. If ^ is not a root of unity, then HH*(Aq) = A{u,v), the exterior algebra. 
Proof. For legibility, we do not distinguish the parallel path in M' with its image in HIl'(A^). 
Moreover, it is straightforward to calculate that HH°(A^) = spa,n{J2 ij{9oij, ey)} = k, HH^(Ap = 

span{J2ij{9lij,a,^),J2ij{ghj,b,j)}, Htf(A^) = span{J2ij{guj,aijbij+i)}. Under the isomor- 
phism (I) : k{g'//B) Hom(A„)e (P,, A^), wc have = figl^^^a,,) and = f{gl^M,) 
also form a fc-basis of HH^(A^), and /^^ = J2i j f{gj- ^aijbi j^i) ^ fc-basis of HII^(A^). We define 
bimodule maps 

W • Pi ^ Po, <^ -i' , -0 

f 9l^,J ^ 0, 

V'i:P2-)-Pi, < gl^,j^ -<lijbij9o,i+ij; 

[ 9li,j ^ -bij9li+i,j 
Now it is easy to check that the following diagram is commutative: 



P2^Pl 




where /U is the multiplication. Thus the composition /^Vi : P2 — > A^ is just the Yoneda product 
/a * in HH^(A"), which is /^^ and thus is nonzero in HH^(A"). By the graded commutativity of 
HH* (A^) , wc have * = -fl* fl , and fl * fl = fl^, Jl when char A; ^ 2. These still hold by 
a direct calculation when charfc = 2. Denote u = f^, v = fl for simplicity. So HH*(Ag) = A(u, v). 
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Figure 3. The quiver Q 
4. The graded center of £'(r^ ") 

Let r™'" — fcQ/Iq, where Q is a wheel- like finite quiver with mrt+ 1 vertices: | i £ ^ri,J G 

^m} U {-1} , and 3mn arrows: {ajj : (i, j) -> (i, j + 1)} U {6^ : ^ (i + 1, j)} U {qj : 
-l}(see Figure 3), and Iq = (aij-aij+i, aj-,Cij+i, ay6ij+i + gij6ijai+i_j), (j^j G fc*. In 

fact, the algebra F™'" can be regarded as a one-point coextension of the algebra A™'" defined in 

the previous section. Throughout this section, we assume that rj = Y\a=^ Y\^=q lij > ^^-^^ denote 
by eij the idempotent of A™'" at the vertex and by e_i the idempotent at the vertex — 1. 
In this section, we will describe the graded center of i?(F™'") by applying Snashall and Taillefer's 
method in [19] to the algebra F™^". 

In a similar way to the previous sections, we can show that F™'" is a Koszul algebra. Moreover, 
its Koszul dual S(F™'") = kQ°P/i^, where 1^ = ((5„c,+i,,)°, (a,j6.,j+i)° - q-^^h.a.+ij)") and 
x° denotes the arrow in Q°p corresponding to x in Q. Moreover, i?(F™'") can be viewed as a 
quotient of kQ modulo the ideal generated by bijCi^ij,aijbij-f-i — q~j^bijai^i^j for i S Z„, j S Z^. 
Denote still by Zg^(£;(F™'")) the graded center of E(F^'"). 

In this section, we do not differentiate the path in kQ and its image in i?(r™'"). Since e^z — 

n—l ni~l 

zcij and e_iz — ze_i for any z e Zgr{E{T^ we can write z — ^ Cijzeij + e_ize_i. Let 

Uij and Pij denote the path aijai,j^i ■ ■ ■ aij+m_i and hijbi-\-i,j ■ ■ ■ foi+„-i j- respectively. Using the 
relation atjbi j^i — q^^bija.i^i j for i G G repeatedly, an element z satisfying z = e^jzeij 

s • - t- 

can be written as the form z = '^ij'^ij Pij for some Uij G A:. Moreover, e_ize_i = e_i. 

Noting that Zgr(£^(F™'")) can be generated by some elements which are length homogeneous, 
we denote by \z\ the length of such an element z and z must satisfy the following additional 
conditions: 

(1) aijZ = (-l)l^lza,y, for i G Z„, j G Z„i; 

(2) bijZ = (-l)l^lz6ij, for any i G Z„, j G Z,„; 

(3) CijZ = (-l)l^lzc.y, for any i G Z„, j G Z,„. 
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Lemma 4.1. For any homogeneous element z G Zgr(£'(r™'")), we have ^; G A; or ^; can be 
written as 

n — 1 rn — 1 

4 = J=0 

with = (-l)(i+^)(-o+nto)(n^-^i g;^)(n;-'on;:o' '?;/''')"oo e r and > l. Moreover, 

Proof. Wc consider the condition (1). If \z\ = 0, then z = '^^Zq X]j=o^ UijCij + U-iC-i with 
Uij,U-i G k, and a^z = (— l)l^lzay implies that Uij = for i G G Z^- If l^l 0, then 2 

has the form z = J27=o ^T=o^ ^ij^T/ Pij^ with mSy + nUj = msoo + ntoo- Moreover, 

and zttij = Uija^y /sly Gij . Thus the equality UijZ = (— l)I^Uaij implies that Sij = Si^+i, tij = 
tij+i and Uij+i ^ {-l)""'°°+"'''''°{qij ■ ■ ■ qi+n-i.jY'-'+^Uij. Recursively, we have Uq.o = uo,m = 

Similarly, the condition (2) implies that if \z\ ~ 0, then Uj+ij- = Uij. Thus we have z = 
uooYl'i-o ^7=0^ with Moo,M-i G A:. Moreover, if \z\ ^ 0, then Si+i,j = Sij, ii+i.j 

■ and (— • • • (?ij+m_i)~'**-'Wij = Wi+i.j. Moreover, we have that mq.o = w„,o = 
l^_YYi{msQQ+ritaa) j^- saa y^^^ recursively. For legibility of notations, we denote sqo and ioo by sq and 
to respectively. So, taking the condition (1) into consideration, we have sij = sg, tij = and 

^ = Er=o Er=o'««."i;/3:^ with z.,, = (-i)(^+^-)(™-+-«)(nCo n;=o9:?)(n;=on;:o'9pT")«oo. 

Moreover, Since wqo 0, we have r?*" = (_i)™('"«o+nto) and rf^ = (_i)"('"«o+nto) 

Finally, we consider the condition (3). If |z| = 0, then u^iCij = CijZ = zcij = uooCij, which 
yields uqo = u-i, and thus z = uqo € k. If \z\ ^ 0, then z = Y^7=o H7=o ''^^i^Tj Thus 

= CijZ = (— l)l^lzcij forces > 1 as desired because PijCij lie in but aijCij do not for 

1 G Z„, j G Zm- The proof of this lemma is finished. □ 

With a similar argument as in the proof of Proposition 2.2, if z ^ k, then r]*° = (—i^^C^so+nto) 
and rj^" = (— l)"("iso+n«o)^ which implies that 77 is a root of unity. Thus we immediately have 
Proposition 4.2. If ij is not a root of unity, then Zgr(£^(r™'")) = k. 

Proposition 4.3. Let 77 = Ilj^o^ 9y be a primitive d-th root of unity. If charA; = 2 or 

m,n are even, then Zgr(ii(r™'")) = A © k[x,y]y. 

Proof. In the case that charA; = 2 or m, n are even, we have rj^" = r]*° = 1, and thus d\so, d\to 
since 77 is a primitive d-th root of unity. We assume sq = sd, to = td for some integers s > and 
t>lhy to=td>l. 

Recall that for any homogeneous element z G Zgr{E{T'^'")), if z ^ k, then 

n—lm—l « — 1 m — 1 J — 1 n — 1 

n — lm—l i—lni — 1 j—ln — 1 

=«ooE E ((11 n 'ipir'^ijrmU'ipM'" 

i^O j^O p^O 1^0 1^0 p^O 

7i — l7n — l i— 1 rii — 1 n—lm—lj—ln — 1 

=-oo(E Edi n ^.o-^-^i)"(E Edi n^.')Ai)*° 

i=0 j=0 p=0 1=0 i=0 j=0 1=0 p=0 
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n — lm — 1 z— 1 m — 1 n — lm—1 J — In— 1 

=-oo(EE(n n5.')-v.)"( EE (11 n^pOA.)" (4-1) 

i=0 j=0 p=0 1=0 i=0 j=0 1=0 p=0 

n—lm — 1 . ^ n—lm — 1 . ^ 

=0 9p') ^^v) ^iid J/ — ( X] I] (IlLo rip^o 1pi)Pij) ■ Then we have 

yx = rf^ xy = xy by aijPij = riPijUij, and thus 2 can be written as a scalar multiple of x'^y* with 
t>l. In addition, since is a linearly independent set for any fixed I, there is 

no additional homogeneous relation in Zgr{E{T^ and hence Zgr{E{T'^'"')) = k® k[x, y]y. □ 

Proposition 4.4. Suppose that is a primitive d-th root of unity, charfc ^ 2 and m, n have 
the different parity. Then Zgr(i;(r™'")) ^ fc © A;[a;,i/]y. 

Proof. Without loss of generality, we assume that n is even and m is odd. Then, by Lemma 4.1, 
the equalities ry*" (_i)m(mso+nto) ^nd 77"° = (_i)"(m«o+nto) imply ^so = 1 and = (-1)™^°. 
And thus we can write Sq = sd for some integer s. 

(i) If d is even, then 7]*° = (— l)™**" = = 1^ thus d\to as well. With the same argument 
as that in the proof of Proposition 4.3 we have Zgr{E{r]^'"-)) = fc © k[x, y]y as desired. 

(ii) If d is odd, then ry^*° = 1, which implies that d\2to and thus d\to- We assume that to = td 
with t>l. Since 1 = rf° = (— l)™*o and m is odd, we have sq is even, and so = sd implies that s is 
even as well. As what we have done in the proof of Proposition 4.3, for any homogeneous element 

z e Zgr{E{T^'")) \ k, we have the equality (4-1). Set ar = ( E E iUl'JoUZ'o <lpi)~' ^^ij) 

i=0 j=0 

n—lrn—l.^ ^ ^ 2 

and y = ( E E (nCo rip^o ■ Then we have yx = 77^'' xy = and z = uoox'^'^y* 

with Moo & k*, t > I and s/2 = 0, 1, 2, • • • . Again, there is no additional homogeneous relation in 
Zgr{E{T^''')). Therefore, Zgr{E{T^^'')) ^k® k[x, y]y. □ 

Proposition 4.5. Let be a primitive d-th root of unity. If charfc ^ 2 and both m and n are 
odd, then 

^'^^ ^ 1 y k®k[x,y]y, otherwise, 

where {k®k[x, y\yY'" denotes the subalgebra of k®k[x, y]y spanned by all even degree homogeneous 
elements as fc-vector space. 

Proof. If charfc ^ 2 and m,n are odd, then 77"" = 77*0 = (-1)**°+*°, and thus d\2so,d\2to. 

(i) In the case that d is odd, we have d\so and d\to. We assume that so = sd and to = td 
for s > and t > 1. Moreover, 1 = r]^° = r]*° = (-l)«o+to = implies that s + t is 

even. In a similar way to the proof of Proposition 4.3, set a; = ( Yl (111=0 Ill^o 'lpi)~^^ij) 

n — lm — 1.^ ^ 2 

and y = ( E E (n!?=o nn=o 1pi)0ij) ■ Then we have that yx = rj'^ xy ^ xy, and that z E 

i=0 j=o 

Zgr{E(r'^'"'))\k can be written as a scalar multiple of x^y* with t > 1 and s + t is even. Moreover, 
yx = xy is the sole relation in Zgr(S(r™'")). So Zg^(£;(r^'")) ^ {k ® k[x,y]yy". 

(ii) If d is even, then (rf/2)|so and {d/2)\to- We write sq ~ s{d/2) and to = t{d/2) with s > 
and t > I. By 77*" = 77*° = (-l)*o+to^ have 77""+*" = 1, which implies that d\sQ + to- Since 
So + to = d{s + t)/2, we have s + Hs even. Thus 1 = (-l)''(«+*)/2 = (_i)so+to = ^^o = ^to^ ^^ich 
yields d\so and djio- Therefore, the rest of the proof in this case is the same as the proof of the 
Proposition 4.3 and we omit it. So Zg,.(S(r^'")) = k® k[x, y]y. □ 

From the above four propositions, we have A/^ = 0, where A/^ denotes the ideal of Zgj.(-B(r™'")) 
generated by all nilpotent elements. By the isomorphism HH*(rg)/A/' = Zgr{E{Tq))/Mz in [9, 28], 
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we have HH*(rg) /N = Zgr{E{T q)). Therefore, as is shown in the following theorem, F™'" provides 
more counterexamples to Snashall-Solberg's conjecture. 

Theorem 4.6. Let F™'" be the algebras defined in the beginning of this section. Then 



HH*(r™'")/Ar^ < 



k, 

{k®k[x,y]yY 
k®k[x,y]y, 



if 7/ is not a root of unity; 

if charfe742, rj is a d-th primitive root of unity 
and d,m,n is odd; 

otherwise. 



As a consequence, if 7? is a root of unity, then HH*(r™'")/A/' is not finitely generated as algebra. 

Proof. The first part of this theorem follows directly from Propositions 4.2-4.5, and the proof 
of the second part is similar to that of Theorem 2.4. □ 



Remark. Our result is still true when m = 1 or n = 1. Moreover, if m = n = 1, the above 
result coincides with that of [16, 17]. 



Appendix. 



In this appendix we give a complete proof of Proposition 2.3, which is a bit subtle modification 
of the proofs of the propositions 2.4 and 2.5 in [19]. 

Proof of Proposition 2.3. We divide into two cases to finish the proof. 

Ccise 1. m is even or charfc = 2. In this case we have C*" = = 1- Since C is a primitive d-th 
root of unity, d\so and d\tQ. We recall that sq = fo(mod m), so <o = + sq, for some integer r. 
Moreover, we have m = {—lY°{qi ■ ■ ■ qto)~^uo — (— • • • 9so)~^^o- If m is even or charfc = 2, 
then (-1)"*° = (-1)*", and thus qiq2 ■ ■ ■ Qso = 9i92 ■■■qto- If ^0 > ^o, then qto+iqto+2 • • - gso = 1; on 
the other hand, if to > sq, then qsg+iqso+2 ■ ■ ■ Qto =1- So in both cases, we have = 1, and thus 
d\r. So we can write to = dhm + sq for some integer h. 

For any z S Zgr{E{Tq)), if z is not in fc, z = Y^'^q^ UiJi" ^1" with to > 1, and Ui = 
(-1)^'" nLi(» ■ • ■ qk+to-i)''uo = {-ly'o nLi(* • • • %+.o-i)"'"o for z = 1, 2, . . . , m - 1. 

(i) We first consider the case sq = and to > 1. Then z = Y.T=o^ ^f^*" = EIlo' ^iSf''"' with 
Ui = (— l)'*°uo = uo, and thus 

m— 1 m— 1 

i=0 i=0 

(ii) When So,to > 1, without loss of generality, we may assume sq < to- Then 

m— 1 i 

i=0 k=l 

m—1 i 

i=0 k^l 

m—1 i m — 1 

= «o(E(-ir"n(9fc---*+«o-i)-sr^r)(E^^) • 

i=0 k—1 i=0 
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Wc assume sq = adm. + s, < s < dm — 1. Then (—1)*° = (—1)". and QkQk+i ' " Ik+so-i = 
C"''%ft+i • • • %+s-i = <lk<lk+i ■ ■ ■ Qk+s-i- And the above equahty changes into 



h 

h 

I 

a-fh 



Since d\so and sq = ctdm+s, we have d\s and < s < dm—1, and thus s G {0, d,2d,-- - , d{m — l)}. 
We assume s = jd, and define 

m — 1 i 
i=0 /s=l 

for < j < m. In particular, zq = 1. Moreover, we have that 

i=0 fe=l i=0 fe=l 

i=0 k=l k=l 

jd m—1 i 

= i-iy n • • • ( E n • ■ • *+o+i).-i)-^7r ^^'^<5p^^'') 

fc=l i=0 fc=l 

jd 

= {-iy''l[{qk---qk+d-i)-'zj+^. 
k=l 

Thus we have z{ = (-l)^i=i' '''''([{jll HfeLil^fe ' ' ' qk+d-i)~^)zj, for j = 1, 2, ■ • ■ , m. In particular, 

rn — 1 Id 

zT = i-l)^"^'^'^"'[Y[ll{qk---qk+d-l)-'] 
1=1 k=l 

m—1 Id 



;=1 A;=l z=0 k=l 

m—1 Id m—1 m—1 

= (-ir'^/^(n n(*---*+^-i)"0(E^r'')(E'^r'^)- 



Set X = Er=oSr^ 2^^= E,to'r^ = ^1 = Er=o'(-iy'nLi(*---ft+rf-i)-Wf'^f and 
Cd = (-l)'"''/^ nr=i^ nfeli(9fe • • • qk+d-i)^^- Then = Moreover, by the formula (A-1), 

we have z E k or z has the form z — UQW^a;"y"+'*for any homogeneous element z G Zgr{E{Tq)), 
where Uq G k, sq — s + adm — [j + am)d > 0, that is, j + am > 0, and thus j + a > 0. 
Similarly, if sq > to, then z = UqW^ x"''^^y°^ wit hug G k and j + a > 0. Therefore, in both cases, 
any homogeneous element z G Zgr{E{rq)) \ k can be written as a scalar multiple of x^y^w'' with 
j + I > and = e^xy. In particular, any scalar multiple of does not lie in Zgr{E{Tq)), for 
i = l,2,.... 

As what Snashall and Taillefcr have done in [19, Lemma 2.3], we claim that the elements 
x,y,w don't have additional relation except — edxy in Zgr{E{Vq)). 

Indeed, since the elements have different degree, for ? = 0, 1, • • • ,n, thus they are lin- 

early independent in Z gj-(^E{Y So ^-iiy additional relation in Z gj-{^E{Y' q)) is Icngtli lioinogeneous 
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of the form. 

foix,y)+hix,y)w + --- + U-iw"'-' =0, iA-2) 

where fi{x,y) = Y1]Lo '^ij^^ y"'~^ ^ k[x,y], and \fo{x,y)\ = |/i(a;,y)| + \w\, which imphes no\y\ = 

ni\y\ + and thus nomd = mmd + 2d, that is, nom = nim + 2. 

If m = 1, then w = Cdxy, and thus any element z € Zgr{E{rq)) can be generated by x, y. So 

there is no additional relation in Zgr{E{Tg)). 

Now we consider the case m > 2. riom = nim + 2 implies m = 2 and hq — ni + 1. Then 
= \y\ — 1^1 = and we may choose the minimal uq such that f{){x,y) + fi{x,y)w = with 

\fo{x,y)\ = 2norfand = 2(no-l)(i. Since x"" ^ Z<,,(S(r,)), /o(a;,2/) = E^'^q' kojX^y^°-^ 

and /i(.r,?y) = Er=o^^ ^ij^^-^y"""''"^- Then /o^(a;,y) = fl{x,y)w'^ = edfl{x,y)xy. Compar- 
ing the coefficients of y^"" and x'^'^°~^y, we have fcoo = fci.no-i — 0; and then fi{x,y) = 
E"=o^ki,x^y^«-i-^ and /o(.T,y) = e^\fi(x,y)nP with /^(x,?;) = Ej^o ' ^Oj+ia:^y"«-^-\ thus 
e^^/g(a;, y)^ + /i(a;, y) = 0, which contradicts to the minimality of n. 

Case 2. m is odd and charfc ^ 2. By the conditions C° = (-l)™*!) and C*° = (-1)™*°, we 
know that C^*" = C^*" = 1. Since C is a primitive rf-th root of unity. d\2so, and d\2to. Recall 
that So = fo(iiiod to), that is, sq = to + rm for some integer r, and ui = (— l)''''(5i • • •?to)~^^o = 
{-lY°{qi ■ ■ ■ qso)~^Uo- If So > h, then qta+iqto+2 ■■■qso = (-l)**""*"; on the other hand, if to > sq, 
then qs^+iqsg+2 ■ • ■ qto = (— l)*""*"- So, in both cases, we have C^'' = 1, and thus d\2r. Then 
dm\2{to — So)- We assume that sq = adm + s and to = /3dm + 1, where < s,t < dm — 1, then 
dTO|2(s — t), without loss of generality, we assume s >t, then 2(s — = or 2{s — t) = dm. 

Now we assert that 2(s — t) = and thus t = s. Otherwise, we will have 2(s — t) = dm. 
Since m is odd and d is even, s — t and Sq — to have the same parity. Moreover, (— l)*o-to = 
^ ^{so-to)/m ^ ^{a-0)d+{s-t)/m ^ ^(a-t)/m ^ ^d/2 ^ Therefore, s-t is odd and d/2 is 
odd. We can also get the equality {-iy«+*« = (_i)™(so+*o) = (_i)mso(_i)mto ^ ^so+to ^ ^s+t ^ 
^2t+6-t ^ ^2t+(dm)/2 ^ ^2t(^_]^-)m ^ _^2t_ ^4t ^ ^j^j ^.j^^g ^|4^ j^j^^j (d/2)|2t. Moreover, 
since d/2 is odd, (d/2)|t. We assume that t = ld/2 for some integer I. If t is even, then Z is even, 
and we have 1 = (-1)* = (-1)*" = C*" = C" = C'^^""*^ = C^'+"^''/^ = C'"^" = -1, this yields a 
contradiction. Therefore, t is odd, then I is odd, s = t + {s — t) = {I + m)d/2 is even, and we have 
1 = {-ly = {-lyo = cto =(t = (^id/2 ^ ^ ^ contradiction again. So 2{s -t) = Q and 

thus t = s as desired. 

Since to = adm + t,so = (3dm + s and t = s, we have sq — to = {ct — P)dm and 1 = (^('^-0)d-m _ 
^so-to = (_i)m(to-ao) = (^_iyo-so = (_i)(/3-a)dm g^ ^^^^ ^j^g ^^^^ parity, and 

thus arf and 13d have the same parity. By squaring the equality = C*" = (—1)'"*'', we know 
C^* = 1, and thus d\2t with < 2f < 2dm. We assume 2f = dl for some integer < Z < 2to. 

Now, we will describe any homogeneous element in Zgr{E{Tq)). We recall that if z is not in 

k, z = E"o'(-l)^*° nLife • --qk+so-ir'noj^dl" with to > 1. 

(i) If d is odd, then by 2t = dl, we have ? is even and since ad, /3d have the same parity, 1 = 

(^dl/2 — Qt _ Qto _ ^_i^m8o _ ( — l)so = ^_Y^adm+8 _ (^_i'^ad+t _ (^_iya+l/2)d _ (^_iyi3+l/2)d ^ gg 

{a + l/2)d and {/3 + l/2)d are even with < Z < m. If a is even, then 1/2 and thus to = /3dm + dl/2 
is even. So we have 

m—1 i 

z = UoJ2l[{qk---qk+so-i)-'7r^i' 

i=0 k=l 

m—1 i 

i=0 k=l 

m—1 i m—1 m—1 

i=0 k-1 i=0 i=0 
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Similarly, if a is odd, then Z/2 is odd, and to is even, we have 

m— 1 i 

En(*---*+«o-i)"Sr'5:" 



Uo 

1=0 fe=l 

m— 1 i 



1 Q(im+di/2^;3(im+d;/2 



ETT/ \-l adm+dl2j-, 

_[_!_(% • • -afe+dJ/z-i) 7i <J, 

i=0 fc=l 

m— 1 z m — 1 m— 1 

i=0 fe=l 1=0 1=0 

As what we have done in the case 1, we define 

rn — 1 i 



^0 = 



EIK^-M-irwr^-^r^- 



i=0 fe=l 



for j = 1, 2, • • • , m, then zi = J^-l^ Ill=ii'lk ■ ■ ■ qk+2d-i) ^li'^6f'^- Moreover, by a straightfor- 
ward verification, 

ZiZj = \\_{qk- ■ ■ qk+2d-ir^ Zj+i, 
fe=i 

for j = 1, 2, • • • , m. Thus, z{ = HCi Hfef i(9fc • ■ • qk+2d-i)~^ Zj , for j = 1, 2, • • ■ , m. In particular, 

7»-l 2fH 

^l" = Y['[lilk---qk+2d-l)~^Zm 
1=1 fc=l 

m— 1 2(i/ m — 1 m — 1 

;=i /c=i i=o i=o 

Set a; = E^oSi'"'' y = Ello'^f™'. = and = UZ'i' Ultiiqk ■ ■ ■ qk+2d-i)-' ■ Then 

= e^xy. Moreover, if a is even, then any z € Zgr{E{Tq))\k is a scalar multiple of 
with /3/2 + ;/4 > (because to = M'm + d^/^ > 0). Similarly, if a is odd and z S Zgr(-E(rg)) \ /c, 
then ^ is a scalar multiple of a;(«-i)/22/(^-i)/2u,(V2+m)/2 ^jth - l)/2 + (//2 + m)/2 > 0. In 
both cases, z G Zgj.(i^(r,,)) \ k can be written as a scalar multiple of x^y^w^ with j + I > Q and 
tw™ = Cdxy. Note that any scalar multiple of does not belong to Zgr{E{Tq)), for i = 1, 2, • • • . 

With a similar argument as in the case 1, we can assert that x, y, w have no additional homo- 
geneous relation except w™ = edxy. Indeed, it suffices to note that n{)\x\ = 2n{)dm = |/o(.T,?y)| = 
\fi{x,y)\ + \w\ = ni\y\ + \w\ = 2n\dm + 4d, and thus (no — ni)m = 2 has no solution in Z. So 
there is no additional homogeneous relation of the form (A-2) as required. 

(ii) Now we consider the case d = O(mod 4). We assert that I is even with < Z/2 < m, and 
thus to is even. Otherwise, if I is odd, then, by -1 = (-1)' = {Q^"^/^))^ = C = C° = (-1)™"° = 
(-1)^0 = (_i)adm+a ^ ^ ^ (_i)dV2 = we have that d/2 is odd, which 

contradicts to d = O(mod 4). Therefore, for any given homogeneous element z G Zgr{E{Tq)) \ k, 
we have 

m—l i 

[[{qk---qk+di/2-i) li 

i=0 fc=l 

m—l i m — l m—l 

= «oE n(*---«w-i)-s^'^f^^E'>^r(E^^)'- 

i=0 k=l i=0 j=0 
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We define Zj = YlT=o^ YTk=i{^lk ' ■ ' Ik+dj-i) ^if^f, for j = 1,2, - ■ ■ ,m. Then it is clear that 
^i^i = Uk^iilk-'-Qk+d-iy^Zj+i, for j = 1,2, •• • ,m. Thus, zi = HCi U.k=iiQk ■ ■ ■ Qk+d-i)~^ Zj, 
for j = 1,2, ■ ■ ■ , m. 

Set X = E:ioSr^ y = ETJo'^r", w = z, and = OI^T' Oti • • • ft+d-i)-^ Then 
= e^xy. And we can write any homogeneous element z G Zgr{E{Vq)) \ fc as a scalar midtiple 

of x"y^w^^^ with /3 + //2 > 0. In particular, any scalar multiple of is not in Zgr{E(rq)), for 

i = l,2,---. 

Similarly, we can also prove that x,y,w have no additional relation except = eaxy. Thus 
we have Zgr{E{Tq)) ^ (A: [a;, y, «;]/(«;" - edxy))x', where = Oili^ nLlil* ' ■ • <lk+d-i)~^ ■ 

(iii) If d is even with d = 2(mod 4), then d/2 is odd, and to and I have the same parity by 
to = /3(im + W/2, where < Z < 2m. So we can write any homogeneous element z G Zgr{E{rq)) 
that is not in k as 



2; = 



Similarly, define 



m — 1 i 

7n — li m—1 m— 1 

m — 1 i 
i=0 /s=l 



for j = 1,2, ••• ,2m. Then we can verify that ZjZ\ = nfc=i (9fe ' " ' 9/s+d/2-i) ^Zj+i, and thus 
2^1 = nCi Ufllilk ■ ■ ■ qk+d/2-i)~'^Zj, for j = 1, 2, • • • , 2m. 

Set X ^ Et'o' 7™', y = Et'o' ^r', y^ = zi and e, = UZ^' UfHilk ■ • • qk+d/2-1)-'. Then 
yj2m _ edxy. And we can write any homogeneous element z € Zgr{E(rq)) \ fc as a scalar multiple 
of x^'y'^w^ with P + l>0 since to = /Sdm + ld/2 > 0. 

Again, there is no additional relation in Zgj.{E{rq)) except w'^™ = edXy, and any scalar multiple 
of a;' is not in Zgr{E(Tq)), for i = 1, 2, • • • . So we have Zgr{E{rq)) = {k[x, y, w]/{w'^"^ — edxy))^*, 
where = Y^^^^ H/fii • • • 9fe+d/2-i)"^ in this case. □ 
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